Abstract. Let R = k[x 1 , . . . , xn]/I be a graded k-algebra where k is a field of prime characteristic and let J be a homogeneous ideal in R. Denote (x 1 , . . . , xn) by m. We prove that there is a constant C (independent of e) such that the regularity of H s m (R/J [p e ] ) is bounded above by Cp e for all e ≥ 1 and all integers s such that s + 1 is at least the dimension of the locus where R/J doesn't have finite projective dimension.
introduction
Let S = k[x 1 , . . . , x n ] be a polynomial ring over a field k of characteristic p > 0 with the standard grading. Let m be the irrelevant maximal homogeneous ideal of S. For each graded artinian S-module N , we set a(N ) := max{j | N j = 0}. And the Castelnuovo-Mumford regularity of a finitely generated graded S-module M is defined as reg(M ) := max{a(H j m (M )) + j | j ∈ Z}. For each ideal a of S, let a When such a constant exists, we say that reg( S I+J [p e ] ) grows linearly with respect to p e (or with respect to Frobenius). While the original motivation behind Question 1.1 concerns whether tight closure commutes with localization at a single element, it was discovered in [KZ14] that a positive answer to Question 1.1 will imply that the F -jumping coefficients of any ideal in a finitely generated k-algebra are discrete. A positive answer to Question 1.1 is known in some cases; for instance, when dim(Sing(S/I) ∩ V (J)) ≤ 1 ( [Cha07] , [Bre05] , [KZ14] ) and when S/I has finite graded Frobenius representation type ( [KSSZ14] ).
Let R = k[x 1 , . . . , x n ]/I be a standard graded ring over a field k of characteristic p > 0 and m = (x 1 , . . . , x n ). Let F : R − → R denote the Frobenius endomorphism and F e * R denote the target of F e . For each e ≥ 1, the R-module F e * R is graded via deg(F e * r) = 1 p e deg(r) for every homogeneous element r ∈ R. Consequently, for each graded R-module M , the R-module
Our main result is the following theorem:
. . , x n ]/I be a standard graded ring over a field k of characteristic p > 0 and M be a finitely generated graded R=module. Set
Then there is a constant C such that
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An immediate corollary is: 
Lemma 2.3. For each finitely generated graded R-module M , there is a constant C ij (independent of e) such that a(Tor
The conclusion now follows from Proposition 2.2.
Consider the complex C • which is theČech complex associated with x 1 , . . . , x n with the indices reversed as follows: . . .
Note that C •,• depends on e.
Lemma 2.4. For each integer α, there is a constant C α (independent of e) such
Proof. It is clear that C •,• is a first quadrant double complex and hence it induces two spectral sequences both of which converge to the homology of the total complex ([Wei94, § 5.6]). One of these spectral sequence comes from taking homology horizontally first and then vertically, whose E 2 -page is given by Tor To prove our main result, we need the following theorem due to Peskine-Szpiro [PS73]:
Theorem 2.5 (Peskine-Szpiro Acyclicity Lemma). Let R be a noetherian commutative ring of characteristic p > 0 and N be a finite R-module. If N has finite projective dimension, then Proof of Theorem 1.2. We consider the other spectral sequence induced by the double complex C •,• , i.e. by taking homology vertically first and then horizontally:
We can see that dim(Tor 1 (F e * R, M )) ≤ t by Theorem 2.5. Hence, if s ≥ t − 1, we have H 
